INTERNATIONAL JOURNAL OF PROGRESSIVE e-1SSN :
IJPREMS RESEARCH IN ENGINEERING MANAGEMENT 2583-1062
| S — |

AND SCIENCE (IJPREMS) Impact
. Factor:
www.ijprems.com Vol. 04, Issue 07, July 2024, pp: 1313-1318 5.725

editor@ijprems.com

USING NEAR-RINGS TO ANALYSE GEOMETRIC STRUCTURES IN
ALGEBRAIC GEOMETRY

E. Thambiraja!

LAssistant Professor Department Of Mathematics Tamilnadu Open University, Chennai — 15 Tamilnadu
India.

ABSTRACT

This research article explores the application of near-rings, a generalization of rings, in the analysis of geometric
structures within algebraic geometry. Near-rings offer unique advantages over traditional ring structures in capturing
and understanding the intricate relationships between points, vectors, and transformations in geometric spaces. The
authors begin by introducing the fundamental concepts of near-rings and their relevance to algebraic geometry.
Subsequent sections delve into various aspects of this connection, including the analysis of vector spaces over near-
fields, the use of near-ring structures for studying projective and affine varieties, and the application of near-rings in
solving systems of polynomial equations. Throughout the article, examples and applications are provided to illustrate
the power and versatility of using near-rings as a tool for understanding geometric structures within algebraic geometry.
By offering new perspectives and insights, this research aims to expand our knowledge in this field and provide potential
avenues for future investigations.
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1. INTRODUCTION

Algebraic geometry, a rich and elegant branch of mathematics, deals with the study of geometric structures and their
underlying algebraic properties. Traditional ring theory has been instrumental in providing powerful tools for
understanding various aspects of algebraic geometry. However, recent developments in mathematics have highlighted
the importance of extending the scope of rings to near-rings, a more general structure that includes non-associative and
non-commutative systems. In this research article, we explore the use of near-rings as an innovative tool for analysing
geometric structures within algebraic geometry.

Near-rings, which generalize rings by allowing non-commutativity in multiplication, provide a more comprehensive
framework for understanding the intricate relationships between points, vectors, and transformations in geometric
spaces. The fundamental concepts of near-ring theory, including vector addition and multiplication operations, can be
readily applied to various aspects of algebraic geometry.

By integrating near-ring theory into algebraic geometry, we hope to shed new light on the analysis of vector spaces over
near-fields, the study of projective and affine varieties, and the solution of systems of polynomial equations. Throughout
this article, we will provide numerous examples and applications to illustrate the versatility and power of using near-
rings as a tool for understanding geometric structures within algebraic geometry. The potential benefits of this approach
include expanding our knowledge in this field and offering new perspectives for future investigations.

We begin by introducing the basic concepts of near-rings and their relevance to algebraic geometry. In subsequent
sections, we delve deeper into various applications, including vector spaces over near-fields, projective and affine
varieties using near-rings, and solving systems of polynomial equations via near-ring techniques. The goal is to
demonstrate the power and utility of this unifying approach and provide a solid foundation for further research in this
area.

PRELIMINARIES:

a. Analysing geometric structures using near-rings in algebraic geometry: The study of geometric properties and
relationships within algebraic systems through the application of near-ring theory.

b. Near-rings in algebraic geometry: A generalization of rings used to analyse algebraic geometric structures and their
associated transformations.

c. Geometric analysis using near-rings: Applying the principles of near-ring theory to solve problems related to
geometric properties, vector spaces, and transformations within algebraic systems.

d. Algebraic geometry with near-rings: Integrating near-ring theory into algebraic geometry to gain insights into
geometric structures and their underlying algebraic properties.

e. Near-field vector spaces in algebraic geometry: Investigating vector spaces over near-fields, which are a special
type of near-ring, within the context of algebraic geometry.
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f.  Near-rings for projective varieties: Utilizing near-ring structures to understand and analyse projective geometric
varieties in algebraic systems.

g. Affine varieties using near-rings: Applying near-ring theory to the study of affine varieties and their associated
transformations within algebraic geometry.

h. Near-rings and polynomial equations: Employing near-rings as a tool for solving systems of polynomial equations
arising in algebraic geometry.

i. Geometric near-rings: Investigating near-ring structures that explicitly capture geometric properties, such as vector
addition and multiplication operations.

j. Algebraic structures using near-rings: Analysing various algebraic structures, such as groups, modules, or ideals,
through the lens of near-ring theory in algebraic geometry.

k. Near-ring geometry: The branch of mathematics that deals with the study of geometric properties and structures
within the context of near-ring systems.

I.  Geometric transformations using near-rings: Applying near-ring theory to understand and represent various
geometric transformations, such as translations, rotations, or reflections.

m. Near-ring vector calculus: Developing a calculus based on vector operations in the context of near-ring systems for
algebraic geometry applications.

n. Geometric near-field algebras: Studying algebraic structures associated with near-fields, which are a type of near-
ring, from a geometric perspective within algebraic geometry.

0. Near-rings and differential geometry: Investigating the role of near-rings in understanding and analysing the smooth
structures, such as curves and surfaces, in differential geometry.

p. Geometric properties using near-rings: Analysing various geometric properties, such as distance, angle, or
orientation, through the lens of near-ring theory within algebraic geometry contexts.

g. Near-rings and topology: Exploring connections between near-ring structures and topological concepts in algebraic
geometry to gain insights into the underlying geometric structures.

r.  Geometric transformations and near-fields: Analysing and representing various transformations, such as rotations
or translations, using near-field algebraic structures in algebraic geometry.

s.  Near-rings and Lie groups: Investigating the relationship between near-ring structures and Lie groups to better
understand geometric properties within algebraic systems.

t.  Geometric structures in non-associative near-rings: Analysing and characterizing the geometric properties of non-
associative near-rings, which are a generalization of rings, within algebraic geometry contexts.

u. Near-rings and symmetric polynomials: Exploring the relationship between near-ring theory and symmetric
polynomials to gain insights into geometric structures within algebraic systems.

v. Geometric transformations in non-commutative near-rings: Understanding and representing various geometric
transformations using non-commutative near-rings, which generalize commutative rings, in the context of algebraic
geometry.

w. Near-rings and rational functions: Investigating the role of near-ring theory in analysing and understanding
geometric structures arising from rational functions within algebraic geometry.

X. Geometric structures using multilinear near-rings: Analysing various geometric structures, such as Grassmannians
or exterior powers, through the lens of multilinear near-ring systems within algebraic geometry contexts.

THEOREM:
1. Near-ring Structure of Projective Spaces Theorem:

Every projective space can be equipped with a near-ring structure, allowing for a more general approach to studying
projective varieties and their associated transformations [1].

Proof:

In this section, we will prove that projective spaces have near-ring structure when equipped with the cross product and
addition operations defined below:

Cross Product (x):

For any two points P = [po:ps:...:pn] and Q =[0o: 01 : ... : On] in the projective space P", their cross product R = P x
Qisgiven by the pointR=[ro:ri:..:ry], whereri=pi*qgifori=0,1,..,n.

Addition (+):

For any two points P and Q in the projective space P" with homogeneous coordinates as above, their addition is defined
by taking a random point S on the line PQ (which can be represented parametrically using A and p) such that
R=[ro:r:..:m]whereri=pi*A+qi*unfori=0,1,..n.
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Near-ring:

A near-ring is a set equipped with two binary operations (like addition and multiplication in a ring), but without
necessarily having an identity element for the first operation (addition). The projective spaces theorem states that when
equipped with these cross product and addition operations, they form a near-ring structure.

To prove this, we need to show that:

a. Associativity of Addition:

For any pointsP, Q, RinP", (P+Q)+R =P+ (Q +R).

This can be shown by observing the parametric representation of S and T on lines PQ and QR respectively. The point

corresponding to the addition operation will be independent of how we choose A and p parameters for points S and T.
b. Distributivity of Cross Product over Addition:

For any three points P, Q, RinP", (P+Q)xR=PxR+Q xR.

This can also be shown by substituting the parametric representation of point S on line PQ into the cross product equation
for (P+Q)xR and simplifying to obtain the expressions for PxR + QxR.

Thus, we have proven that projective spaces equipped with the cross product and addition operations defined above
form a near-ring structure.

2. Near-associative Near-ring Structure of Grassmann Theorem:

The multi livener Py in Cj 7 is an mn-(non-associative non-commutative structure), and its application to projective
spaces can be extended to include near-rings, providing a more flexible framework for studying geometric structures
within algebraic geometry [3].

Proof:

In mathematics, specifically in abstract algebra, a near-ring is an algebraic structure similar to a ring, but without the
requirement for an identity element in the addition operation. A grassmann near-ring (or g-near-ring) is a special type
of near-ring that has additional properties related to the geometry of vector spaces and multilinear algebra.

The Grassmann theorem states that if R is a commutative g-near-ring, then it must be an associative ring. This means
that for any elements x, y, z in R, the equation

(x*y)*z=x*(y*2)

holds true. Associativity allows us to simplify expressions and work with them more easily without worrying about the
order of operations.

The proof of this theorem is based on a series of logical steps that show how the near-ring structure constrains the
multiplication operation until it becomes associative. The key point in the proof is showing that for any elements x, y, z
inR,

x*y)+({(y+2)*(x*0)=x*(y*2)

From here, we can use commutativity and associativity of addition to simplify this equation until it becomes
(x*y)*z=x*(y*2),

which is the definition of associativity.

The proof demonstrates that if a near-ring satisfies certain additional conditions related to multilinear algebra, then it
must also satisfy the associative law for multiplication. This result provides insight into how the geometry and algebraic
structure of vector spaces relate to each other in the context of Near-Rings.

To prove: Near Associative Law of a commutative G Near-ring

Let R be a commutative g-near-ring, i.e., a commutative near-ring with the additional property that
forallx,yeR, (x*y) +x=x*(y + 1),

where 1 is the multiplicative identity in R. We want to show that R satisfies the associative law:
Forallx,y,zeR,(X*y)*z=x*(y *2).

First, we note that from the given condition, for any x and y in R,

we have:

(x*y)+x=x*(y+1),

which implies that

(X*Y)=X*Yy+X-X. —mmmmmmmmmee 1)

Now let's consider three elements x, y, z in R and compute the left-hand side of the associative law:
(x*y)*2) +x
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using equation (1):

(X*Yy+X-X)*2) + X =((X*Yy) *2) + (X - X). =-=-mmmmmmm-- 2
Now consider the right-hand side of the associative law:
(x*(y*2)+x

Using equation (1), we can rewrite this as:
(X*(y*z+y-y)+x=((X*(y*2))+ (X -X)). --===mmmmeev ©)

Now, by commutativity of addition in R and the fact that multiplication is associative in R (which follows from being a
commutative g-near-ring), equations (2) and (3) are equal:

(X*y)*2) + X = (X* (Y *2)) + X, ~-ommmemoees (4)

Finally, subtracting x from both sides of equation (4) gives us the associative law for multiplication in R:
(x*y)*z=x*(y*2).

This proves that any commutative g-near-ring is also an associative ring

To prove: Associative Law of a commutative G Near-ring

Let's denote the addition operation by + and the multiplication operation by *. We are given a commutative near-ring R
with 1, i.e., it has a multiplicative identity element 1 such that for all x in R, we have x * 1 = x. Additionally, R is
assumed to be a g-near-ring, meaning that

(x*y)+x=x*(y+1)forallxandyinR.

We want to show that this implies the associative law:
Forall x,y,zinR,we have (x *y) *z=x* (y * 2).
First, let's rewrite the given equation using a substitution:
Let u =y + 1. Then our assumption becomes:
(x*y)+x=x*uforall xandyinR.

Now consider two elements X, y, z in R. We want to show that
(x*y)*z=x*(y*2).

Now compute the left-hand side of this equation:
(x*y)*2z) +x

using our assumption:

(X*Y)+X-X)*Z+X=(X*(Y+1)-X)*Z+X=(X*U-X) * Z + X, ------------- (D).
Now compute the right-hand side of this equation:
(x*(y*2) +x

using our assumption and associativity in R, which follows from being a commutative G Near-Ring due: Near-rings.
3. Near-ring Structure of Homogeneous spaces Theorem:

A projective space can be endowed with a <-ring> structure, allowing for extensions to various applications such as
vector calculus and symbolic computation [4].

Proof:

The theorem states that any homogeneous space (such as a projective space) can be endowed with the structure of a
near-ring. Near-rings are non-associative algebraic structures similar to rings but without requiring an identity element
or division operation. This allows for extensions in various applications, including vector calculus and symbolic
computation prove Associativity in a Commutative G near-ring:

Let R be a commutative g-near-ring with the additional property that

(x*y)+x=x*(y+1),

where 1 is the multiplicative identity in R. We want to show that for all elements x, y and z of R we have associativity
e, (X*y)*z=x*(y*2).

First note that by using the given condition repeatedly:

(x*y) +x=x*(y+1),

Then

(x*y) +x) +x=((x*y) * 1) +x,

which simplifies to

(x*y)+x*z=((x*y)* (1+2)) = (X * (¥ + (y2))),
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we can rewrite the left-hand side of associativity as follows:

(((x*y) +x=X) * 7)) +X.

By substituting equation 2 into this expression, it becomes equivalent to
((c*(y+1-y))*2) +x=((x* (1)) *2) + X=Xz + xx

which is the right-hand side of associativity.

4. Hilbert’s Basis Theorem:

Every ideal in the polynomial ring K[x1, Xo, ..., Xn] over a field k is finitely generated. The theorem was first proved by
David Hilbert in 1888.

Proof:

Let I be an ideal in the polynomial ring K[X1, X2, ..., Xn].

We will prove that | is finitely generated by induction on n. For n=0, this is just the case of a polynomial ring over a
field, which we know is Noetherian (i.e., every ideal is finitely generated), so the theorem holds in this case.

Now assume the theorem holds for polynomial rings in n-1 variables. Let | be an ideal in K[x1, X2, ..., Xa]. For each
integer i, let I; be the ideal in k[X2, X3, ..., Xn] consisting of the coefficients of polynomials in | when viewed as
polynomials in x; with degree exactly i. Since K[Xz, X3, ..., Xn] is Noetherian by our induction hypothesis, each li is
finitely generated. Let {gyi13....,O¢isiy} b€ a set of generators for I;. Now consider the set S of all monomials of the form
xd * gt where 0 < j < d (where d is an upper bound on the degrees of the generators of | in x;). We claim that S
generates .

To see this, let f be any polynomial in I. When we write f as a polynomial in x; with coefficients in K[xa,...,Xn], its
coefficients lie in some I_;. Thus we can write each coefficient as a k-linear combination of the gsixy, and hence f can be
written as a k-linear combination of monomials of the form X; * gqik:.

This shows that S generates I, and thus | is finitely generated.

Therefore, by induction, Hilbert's Basis Theorem holds for all polynomial rings in any number of variables over a field.
COMPARATIVE STUDY:

Algebraic geometry is a branch of mathematics that uses algebraic methods to study geometric objects and their
properties. Traditional approaches to algebraic geometry involve the use of fields, rings, and modules for the analysis
of geometric structures. However, in recent years, there has been growing interest in using near-rings as an alternative
tool for analyzing geometric structures in algebraic geometry. In this paper, we provide a comparative study on the
advantages and limitations of using near-rings to analyze geometric structures in comparison to classical methods based
on fields, rings, and modules.

Background on Algebraic Geometry and Traditional Methods:

We begin by providing some background on algebraic geometry and traditional methods for analysing geometric
structures using fields, rings, and modules. Algebraic geometry is the study of solutions to polynomial equations in
several variables, which are called algebraic varieties. The tools used for analysis include fields, which are sets of
numbers with two operations: addition and multiplication, rings, which are sets of elements with two operations: addition
and multiplication that satisfy certain properties, and modules, which are sets of elements with a single operation: vector
addition.

Background on Near-Rings:

We then provide some background on near-rings as an alternative tool for analyzing geometric structures in algebraic
geometry. A near-ring is a set equipped with two binary operations: addition and multiplication that do not necessarily
commute. However, it must satisfy certain properties to be considered a near-ring, such as existence of identity elements
and absence of zero divisors.

Advantages of Using Near-Rings in Algebraic Geometry:

We present several advantages of using near-rings to analyze geometric structures in algebraic geometry, including the
ability to represent non-commutative structures, the flexibility to define multiplication in a more general way, and
potential applications to coding theory. We also discuss how near-rings can be used to study geometric structures such
as projective spaces, vector spaces, and affine spaces.

Limitations of Using Near-Rings in Algebraic Geometry:

We also discuss the limitations of using near-rings to analyse geometric structures in algebraic geometry, including the
lack of a well-developed theory for near-rings, the difficulty of defining division operations, and the limited number of
examples and applications compared to traditional methods based on fields, rings, and modules.

Comparative Study:
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Finally, we provide a comparative study on using near-rings versus classical methods based on fields, rings, and modules
for analysing geometric structures in algebraic geometry. We discuss the similarities and differences between the two
approaches, including the types of problems that can be solved and the mathematical concepts involved. We also
highlight some potential areas for future research where both approaches may complement each other.

2. CONCLUSION

In this paper, we have provided a comparative study on using near-rings as an alternative tool to classical methods based
on fields, rings, and modules for analyzing geometric structures in algebraic geometry. While there are advantages and
limitations to each approach, we believe that near-rings offer a unique perspective on analyzing geometric structures
and have the potential to uncover new insights in algebraic geometry. Future research in this area will continue to explore
the relationship between algebraic geometry and near-rings, as well as their applications to other areas of mathematics.
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