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ABSTRACT

The ability to combine distributions (generalized functions) with integral transformations has grown to be a very
effective tool for solving significant open issues. Investigating a distributional representation of the generalized
Krétzel function is the aim of the current work.

Thus, over a certain collection of test functions, a new definition of these functions is developed. Using the classical
Fourier transform, this is confirmed. The findings introduce distributions in terms of the delta function, which leads to
a novel extension of Kratzel functions. The result of this research is a new version of the generalized Kratzel integral
transform. In order to investigate novel identities, the connection between the Krétzel function and the H-function is
also investigated.

Keywords: delta function, generalized functions (distributions), slowly increasing test functions, generalized Krétzel
function, H-function, and Fourier transformation.

1. INTRODUCTION

Recent research, such as [1,10], address mathematical features of the generalized Krétzel function and integral
operators. A revised form of the generalized Kratzel-integral operators is explained with reference to distribution
theory components. In these functions are also examined through the Boehmians' Fréchet space. To the best of the
author's knowledge, no research has been done on the Krétzel function as a distribution in terms of the delta function
in the literature. Inspired by the conversation above, the current work focuses on examining a novel representation of
the generalized Kratzel function. It is possible to expand the domain of the generalized Kréatzel function [7] from
complex numbers to the space of complex test functions by doing this. Clearly, the H-function will yield findings
along similar lines when taking into account the connections [5] and [6].

This paper will be organized as follows they provides important test function space preliminary information. The
following is how the remaining sections are arranged: The generalized Krétzel function is represented by a new series.
There is a twin space called the space of distributions (or generalized functions) that corresponds to each space of test
functions. Because these functions have the significant characteristic of embodying solitary functions, consideration of
them is essential. As with classical functions, several calculus procedures can be used on these kinds of functions. This
subsection uses standard notations that are taken from [Zamanian, A.H. Distribution Theory and Transform. Analysis;
Dover Publications: New York, NY, USA, 1987., And Richards, I.; Youn, H. Theory of Distributions: A Non-
Technical Introduction; Cambridge University Press:Cambridge, MA, USA; London, UK; New York, NY, USA,
2007.]. Nonetheless, this document uses for the test functions. The delta function is a frequently utilized singular
function that must be described for the purposes of this inquiry.

The Kratzel function is defined for x > 0 by the integral

Zy(x) = f tv-le=t?x/tqy,
0
where p € Rand v € C, such that R(v) < 0 for p < 0 (cf. [1]). For p > 1 the function was introduced by Kratzel as a

kernel of the integral transform as follows:

[ee]

(K2 F)(x) = f Z2(xt)f(£)dt (x > 0).

0
The Kratzel function Z} (x) is related to the modified Bessel function of the second kind K,, by the relationship
7Y (x) = 2x"/?K,(2Vx).
The generalized Krétzel function D},’f(x) is given in [2,3] by the following relation:

(oo}

Dy (x) = j 1 + a(a — DP]Y @ De=xt" gy,
0
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where p € R,r € RY,v € C, and a > 1. Kilbas and Kumar considered the special case for » = 1 in [2], calculated
fractional derivatives and fractional integrals of Dgl‘f‘ (x), and obtained a representation using Wright hypergeometric
functions. On the other hand the general case is given in [2].

We consider the generalized Kratzel function Y,’.(x) defined by the integral

(o]
Yy, (x) = f tvlet’ =¥t e,
0

forx > 0,p € R,r € R*, and v € C. The function Y}, (x) is a generalization of the Kratzel function Z} (x) since
lim¥, (%) = Z5 (x).
Ifa =1, then
lim DY () = Y7, (0).
We give some definitions and inequalities that will be needed. The Turén type inequalities
Ja(X) * fa2(x) — [fn—l(x)]z =20,n=012,..

are important and well known in many fields of mathematics [4]. A function f(x) is completely monotonic on (0, o),
if £ has derivatives of all orders and satisfies the inequality

(D" (x) =0
forall x > 0 and m € N [5]. A function f(x) is said to be log-convex on (0, o), if
flax; + (1 — a)x,] < [f Ce)]*Lf ()]
for all X1,%3 >0 and a €]0,1] [5].

Letp,q € Rsuchthatp > 1and 1/p + 1/q = 1. If f and g are real valued functions defined on a closed interval and
[f17,]g]? are integrable in this interval, then we have

b
| rogwid

b 1/p b 1/q
sU If(t)l”dt] U |g(t)|th] .

The following inequality is due to Mitrinovic et al.[6] Let f and g be two functions which are integrable and
monotonic in the same sense on [a,b] and p is a positive and integrable function on the same interval, then the
following inequality holds true:

b b
| ror@a | pogwa

b b
<[ ot [ por@g@a

if and only if one of the functions f and g reduces to a constant. The Mellin transform of the function £ is defined by

(oo}

MifFGxs) = [ x T Godx

when M {f (x); s} exists. The Mellin transform of the generalized Krétzel function is given by Kilbas and Kumar in
[2].

The Laplace transform of the function f is defined by

[oe]

L5} = jo e f (x)dx

provided that the integral on the right-hand side exists. The Liouville fractional integral is defined by

1 [ee]
N = 15 [ c-oroa

and its derivatives F* and D are
d \[BR@]+1
@PH@=(-) @
1

T -a+ [iR(a)])fx (t — )" F@If(D)dt,
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where x > 0,a € C, and R(«) > 0 [7]. We introduce new operators

DY:= —rxDM! + (ir —v)D2,

TP:= r2x?D?*2 4 rx(2v — 3Ar — r)D?#H1

+(@ —rA)(v — 2rA)D?,
where v € Cand 1 > 0.
1.1. Distributions and Test Functions
The space of distributions, also referred to as generalized functions, is the dual space that corresponds to each space of
test functions. Because these functions have the significant characteristic of embodying solitary functions,
consideration of them is essential. As with classical functions, several calculus procedures can be used on these kinds
of functions. The standard notations utilized in this subsection. However, the notation ¢ is used for test functions
throughout this manuscript. For the requirements of this investigation, the delta function, which is a commonly used
singular function, needs to be mentioned. For any test function ¢(w) € D, the delta function is defined by
(6(t = w),p(t)) = ¢(w)(Vp €D, w €R),
ands(—t) = §(t); 8(wt) = % where @ # 0

An ample discussion and explanation of distributions (or generalized functions) was presented in five different
volumes by Gelfand and Shilov. Functions with compact support and that are infinitely differentiable, as well as
quickly decaying, are commonly used as test functions. The spaces containing such functions are denoted by D and S,
respectively. Obviously, the corresponding duals are the spaces D' and §'. A noteworthy fact about such spaces is that
D and D’ do not hold the closeness property with respect to the Fourier transform, but § and §’ do. In this way, it is
remarkable that the elements of D' have Fourier transforms that form distributions for the entire function space Z
whose Fourier transforms belong to D. Further to this explanation, it is notable that as the entire function is nonzero
for a particular range w; < s < w,, but zero otherwise, the following inclusion of the abovementioned spaces holds:

ZND=0;ZcScS' cZ';DcsScS cD’
More specifically, space Z comprises the entire and analytic functions sustaining the subsequent criteria

s ()| < C,e™®l; (g € N\ {O]).
Here and in the following, the numbers 1 and C, are dependent on ¢, and N denotes the set of natural numbers. where
F denotes the Fourier transform.
Fle®; 0] = 2n8(0 — ia);

) b’
g(s+b)= z g(')(s)j—l,‘v’g €Z';
j=0 '

% b . o
§(s+b) = Z 5(1')(5)].—,. where (§D(s), @(s)) = (=11, ©(0);
j=0 '

8(wy —5)8(s — wz) = §(wy; — wy).
Some examples include sin (t), cos (t), sinht, and cosh t, whose Fourier transforms are delta (singular) functions.
Relevant detailed discussions about such spaces can be found in Zamanian 1987 & Richards 2007.

2. RESULTS
2.1. New Representation of Generalized Kratzel Function

In this section, the results are computed as a series of complex delta functions, and discussion about its rigorous use as
a generalized function over a space of test functions is provided in the next section.

Theorem 1. The generalized Kratzel function has the following representation in terms of complex delta functions.

o (o =hy
720 (s) = 21 Z S (0 — (v + on — pr)).
n,r=0
Proof. A replacement of t = e® and s = v + i6 in the integral representation of the generalized Kratzel function as
given in (6) yields the following:

Zf}‘_g(s) = f e?@*0exp (—ae’)exp (—be P*)dw.

Then, the involved exponential function can be represented as
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D'O.))n

Z (=be” "“’)‘"

) ® AN RW\T
Z?{B(S) =f eix0 Z GO =h)y ev*too—prw e,

_ Z‘” (—ae
exp (—ae’®)exp (—be™P¥) =
n=0

Next, leads to the following:

n!r!
n,r=0
which gives
ab oy _ ()" (=b)" [* 00 _
Zo—,p(s) — T ) elw e(v+cw pr)wdw.

n,r=0
The actions of summation and integration are exchangeable because the involved integral is uniformly convergent. An
application of identity and produces the following:

f elfxevton—prody = Flelv+on=roe; 9| = 215(6 — i(v + on — pr)).

Corollary 1. The generalized Kratzel function has the following series form.

23‘2(5) =2m i (—a)*(=b)"(=i(v + on — pr))P

n!r!p! 5P (6).

n,r,p=0
Proof. Equation can be obtained by considering the following combination of Equations
- (—i(v + on — pr))?

5(0 —i(v +on—pr)) = o 5®(0).

Next, making use of this relation leads to the required form.
Corollary 2. The generalized Kratzel function has the foIIowing series form.

b (_ )n T

a;

Zsp(s) =2m Z N 6(s+an—pr).
Proof. Equation (23) can be rewritten as follows:

f elfxewton=pnogy = Fle@+n=rne; 9| = 2g§(6 — i(v + oon — pr))

1

=218 [T (i6 + (v + gon — pr))]

= 2m|i|6 (v + i6 + or — pr) = 215 (s + on — pr).
Next, making use of this relation in leads to the required form.
Theorem 2. The generalized Kratzel function holds the subsequent properties as a distribution
() (285 (5), 1(5) + §22(5)) = (250 (5), £1(9)) + (Z5p (), 02(9)); V2(s) € Z
(if) <clz“ 7 (), 0(5)) = (Zgp (), c19()); Vo (s) € Z
(i) (Zg ) (s =), @(5)) = (ZE5 (), (s + 1)) Yoo(s) €
(V) (2551 9),0)) = (225 20 (2))svo) € 2

() (285 s =1 06) = (22520 (S +7))sve(s) e 2

(Vi) Y(s)Zg’ ( s) € Z is a distribution over Z for any regular distribution 1 (z).

(vii) Forb = 0, Zap( s) = soap( s) iff o(s — 1) = sp(s), wherep € Z

(viii) (Z2B(m)(5), 9(9)) = T2rmo “LE (—1)™p™ (—on + pr);m = 0,1,2,..;¥9(s) € Z

(%) Z8 (w1 — SYZED (s — ;) = (2mexp (—a — b))28(w; — w,)); V4(s) € Z
X) (F[ZE5 ()], () = (Z&5(s), F[0](5)); V2(s) € Z
Xi) (F[ZED ()], Flp(5)]) = 2m(ZEn(v), o(—V)), v = R(s); Vgo(s) € Z
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(xii) (F[Z55(5), FLo(5)]) = 2n(Z25 (), 97 (), where (=) = 97 (); Ve (s) € Z
(xiii) (F[Z52 ()], Fl0()]) = 2r(Z50(v), 97 (V)); Vo (s) € Z

(xiv) (F[2555 ()], FIo®]) = 2n([255 )], [pW]); Ve (s) € Z

(xv) F[ZEP (m)(5)] = [(—i)™Zep()]im = 0,1,2, ...;V,(s) € Z

(xvi) ZE8 (s + ¢1) = S50 D285 () (s); Vo (s) € Z

where c¢;,y, and ¢, are arbitrary real or complex constants.

3. DIFFERENTIAL EQUATIONS OF FRACTIONAL ORDER

In this section, we show that Y77, (x) is the solution of differential equations of fractional order.

Theorem 3. If ¢, v € C,R(a) > 0, and p > 0, then the following identity holds true:
(997, ) (x) = Y77 (x).

Proof.

(G2v) ()

1 [00) [e0)
- _ aa-1 v—1_,-uP-tu¥
I‘(a)fx (t—x) dtfo u'" ‘e du

= uv-le W <—f (t — x)% e tu dt) du
fo I'(a) J,
:f uwle ™ (Fe ") (x)du
0
- f°° ur~le wPe—xuyragy
0

[ee]
— +ra-1,-uf ,—xu™" _ yvtra
—f uv e e du = Y (x).
0

Theorem 4. If a,v € C,R(a) > 0, and p > 0 then we have
(DY), ) (%) = Yo (x).

Proof.
d \[F@]+1
(D‘_szYr)(x) = (— E) (T_l‘a+[9i(a)]yp]fr)(x)
d [R(a)]+1 v+r(1—a+[R(@)])
= <_ a) Yp'r (x)

[R(@)]+1 o0
f tv+r(1—a+[9t(a)])—1e—tp—xtrdt
0

_ foo YT (-aHR@D -1, (_ i)
0 dx
. (e—xtt)dt — jw tvrr-a+t[R(@D-1,-tP
0

[R(@)]+1

1 . *© _
T extTT — v—ar-1,-rP j—xt™T
@D e dt JO t e e dt
=Y (x).
Corollary . If ¢, 8, and v € C,R(a) > 0,R(B) > 0,and p > 0, then we have
(DEFPYP)(x) = (FEDoYY, ) (x)
_ yY+B-a+(1-r)(1+[Re (a)])
=y .
Theorem 5. If v € C and p > 0, then the following identity holds true:
LYY = =¥, TP (),
Proof. Applying (17) to (5), we get
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LyYy.(x) = —rxDPY).(x) + (pr — v)DLY),.(x)
= =¥, @) + (pr — v)Y, T (x)

[ee]
— _T.xf tv—(p+1)r—1e—rp_—xtTdt
0
® t
+(pr —V)f tyPrle P Xt gy
0

@ x
= —f gvPr-1 (rt—r +v-— pr) e Xt gt
0

Using the formula
(tVPTe Xt = VP L(y — pr 4 xrt e Xt

and applying the integration by parts, we find

LZYPYT(X) = _J (tv_pre_’“_)’e—rpdt
0

— _tv—pre—xt_e—rpro
0

+ J VP e X (—ptP~le~t")dt
0

(o]
= 0 _pf tv—pr+p—1e—xt_e—rpdt
0

’pT .

One potent approach to solving difficult and enduring problems in mathematics is the integration of distributions
(generalized functions) with integral transformations. This work has focused on investigating a distributional form of
the generalized Kratzel function in order to increase its applicability and improve our comprehension of its
characteristics.A new definition of these functions across a certain set of test functions has been developed through
thorough examination. Through the lens of the classical Fourier transform, the validity of this definition has been
verified, confirming the coherence and usefulness of the suggested method.Furthermore, by bringing distributions into
the context of the delta function, this study has produced important new insights and opened the door to a brand-new
Kratzel function extension. Consequently, a new version of the generalized Kratzel integral transform has been
developed, which provides improved mathematical analysis and problem-solving skills.Moreover, via delving into the
complex relationship between the Krétzel function and the H-function, this research has revealed new identities and
relationships that have improved our understanding of both mathematical objects and their interactions. Overall, this
work opens up new directions for investigation and advances our understanding of integral transformations and
distribution theory. It is a major contribution to the field of mathematics. The approaches and results discussed here
have the potential to handle a broad range of mathematical difficulties and stimulate additional research into the
complex field of mathematical analysis.
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