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ABSTRACT

In this paper, Green’s function is defined to study an existence and uniqueness of solution for system of fractional
nonlinear boundary value problems. Banach contraction principle is also applied to study the problem.
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1. INTRODUCTION

The theory of fractional differential equations attracted many researchers during last two decades due to wide range of
applications in applied sciences, economics, engineering and technology etc. For more details reader may refer [7, 9,
12]. The existence, uniqueness and stability results were studied in [6, 13] using Green function, fixed point theorems,
monotone iterative techniques and Lie group symmetry etc. Boundary value problems for various types of fractional
value problems have been studied by many authors [1]-[5] and [10]-[16]. The existence and uniqueness of solutions
for a class of fractional nonlinear boundary value problems under mild assumptions was studied by Bachar et. al.[2]
using Banach contraction principle.

In 2017, Zou et al.[16] studied unigqueness result for the solution of the following nonlinear boundary value problem
Dev(x) + f(x,v(x)) =0, 2<a<3, x € (0,1),

v(0) =v°(0) = v(1) = 0.

Recently, Bachar et al. [2] obtained existence and uniqueness results for a class of fractional nonlinear boundary value
problems under mild assumptions.

Many physical phenomena are modeled as system of fractional differential equations with various types of conditions
that depends upon physical situations. The existence and uniqueness of solutions of system of fractional differential
equations with different conditions were studied by researchers [8]. Very few studies on the existence and uniqueness
results for system of nonlinear fractional differential equations is rare in the literature. Therefore, investigating this
interesting research topic makes our results novel and worthy.

Motivated by aforementioned work, we generalize the results obtained in [2] for the solution of system of following
fractional nonlinear boundary value problem:

Devi(s) + fi(s,va(s),v2(s)) = 0, (1.2)
Vi(O) = ViO(O) = Vi(l) =0, i=1.2,

where D® is the Riemann-Liouville fractional derivative of order o and fi € (0,1)x ]R-]
assumptions:

(Ay) [1(1 = 8)"2|fi(s,0,0)|ds < oo

(A2) There exists g € C((0,1),[0,00)) such that

[fi(s,v1,v2) —Fi(S,w1,W2)| < qi(S)|Vi —Wil, Vv se€(0,1), vi(s),wi(s) ER,

satisfies the following

S P
and 0 < Mgq < oo, where 0™ Jy @ils)ds < o 4

1 K
0< M —— [ "1 — 5" gl s)ds.
- Mg o Tla—1) j, ( "l s )ds
Define the following:
e hi(s) =s*Y(1 —s), s € [0,1], a € [2,3].

o Ggi(s,t) be the Green’s function of the operator vi — —D®v; with boundary conditions
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o Vi(0) =vi(0) = vi(2).
. * E={a>0: [y Gols,)h(t)dt < ah(s),s € [0, 1]} pe nonempty

e And M;=infE (1.2)

e Fora€eR,a"=max(a,0).

o C(]0,1]) ={v € C([0,1]): there is o >0 such that |v(s)| < chi(s),s € [0,1]}.
The paper is organized as follows:

In Section 2, we recall some basic definitions from fractional calculus and give some useful preliminary results. In
section 3, we prove the existence and uniqueness results for solution of system of fractional nonlinear boundary value
problem using Green function.

PRELIMINARIES
In this section, we recall some definitions and results which are used to obtain main results.
Definition 2.1 [9] Euler-Gamma function denoted by I'(a) is defined as

b

['{e) / 5% le~5ds,

Jo where s*1 = g 1066 and ¢ € C.
Definition 2.2 [9] Riemann-Liouville fractional integral of order a >0 of function f is defined as
I f(8) = pay Jo (5 — 1) f(E)dt.
Definition 2.3 [9] Riemann-Liouville fractional derivative of order a >0 of f is defined as
D*f(s) = g ()™ [y (s — t) o f(#)dt,
where n = [a] + 1, and [o] is the integer part of a.
Lemma 2.1 [14] If y(s) € C(0,1) N L(0,1), then the unique solution of the problem
(Dvi(s) + y(s) =0, 0<s<1,u(0)=u%0)=u(1)=0
is given by

-1
i s) ] Go, (s, t)ylt)dt,

[l
where Gi(s,t) is the Green function

gl (g — )l or O=<<i<s5<1]
rrll.h[-\'.-ll} — I'. . ,:I j.. .
D) | s 11 —¢)o? for D<s<t<l.
Lemma 2.2 [2] The Green function G,i(s,t) has the following properties:
®  G,(s,t) is nonnegative continuous function on [0,1] x [0,1]
e Forallste[0,1], we have
Hai(5,1) < Gui(s,t) < (a —1)Hai(s,t), (2.1)
-'r—'i' o x—2 ' . o o o

where H, (s, t) = = (1 —8)* “min(s, t)(1 — max(s, FJJ.

lr|]
MAIN RESULTS

In this section, we obtain the existence and uniqueness results for the solution of system of fractional nonlinear
boundary value problem using Green function. Also, we obtain sequence of iterations that converges to a solution of
system of fractional nonlinear boundary value problem.

Lemma 3.1 Let gi € C((0,1),[0,:0)) and assume that 0 < Mg, <co. Then Mge+1 < Mi < Mgq, Where M is the constant
defined by (1.2).

Proof. Let

.|
E / Go (s, U0 (O g(t)dt < ahi(s), s€l|01]:a=0
Ju

where hj(s) = s**(1 —s), s € [0,1].
By inequality (2.1), we obtain
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' . 1 o !
S (st (Dag(dt < ———s'==2) =l N TN (s, ) (1) dt
ﬁ Go (5, 8 hi(t)qlt)e M TR ‘K ( ) (s, t)qi(t)e

MIN = min(s,t) (l — | s, 4'})
< Mgqhi(s), where .
It follows that E+ ¢ and Mi < Mg, where M; = infE.
On the other hand, using inequality (2.1) and
min(s,t)(1 —max(s,t)) > st(1 —s)(1 —t) for t € [0,1], we deduce that for any a € E,
|
! g7 2 / 11— 1) 'in(s, !}(1 —max|s, F_‘J)r;r-[a’}rﬂ,
0

['(ex) '

1 ool
—_ / N1 = )" st (1 — 8)(1 — £l )t
['fev) Jo

= hi(s)Mgas1-

Hence for each a € E, a > Mq+1. Therefore Mi> Mgq+1. Thus the result.
Remark 3.1 From Lemma 3.1, it is obvious that if Mg, <1, then M; = infE <1.
Note that the inequality My, <1 can be verified for a large class of functions g, including the singular cases.
Lemma 3.2 If o, € (2,3) and let ¢ be a function such that s — (1 —s)*1p(s) € C((0,1)) N L((0,1)).
Then the unique continuous solution of the problem
Dvi(s) = —o(s), s€(0,1) 3.1)
vi(0) =vi°(0) =vi(1) =0
is given by

|
Vid(s) = / Gl (s ) d(t)dt.
S

Proof. Let ¢ be a function such that s — (1-s)**¢(s) € C((0,1))NLY((0,1)). Since by Lemma 2.2, G(s,t) belongs to

P o B . 1 o a—1
o] x o with 0 S Gan(5:8) < (1 =127

By the dominated convergence theorem it follows that Vie € C([0,1]) and Vip(0) = Vie(1) = 0. Therefore I3%(Vilp|) is
bounded on [0,1]. By Fubini’s theorem, we obtain

\ ) 1 “ )
PP Vie)(s) = ——— s — P Vit dt
(Vid)(s) r{:i_”)‘ﬁ (s ) ot e

1
= [ Kils,r)olr)dr,
Ji
Ki(s,r) = ﬁ Ji (s = 1) G (b, r)dt.

ah;(s) =

[

where

Ki(s, 1) (1 —r)o-1 -1 ((s — .r']l"':l"’:l

L 1
2 2

Thus
Hence, for s € (0,1), we have

P~ (Vig)(s) = % Jl']' (1=r)*Lo(r)dr — 3 [ (s — r)?o(r)dr.
This implies that

“i':i J—ax r F
(1 vie))(s) = —ols)
Now, since for each y € (0,1),
+ (gt = a1
hl}&w =0 and 0< ¢ “’il‘ ) < l"[nl l][‘] — )t

By the dominated convergent theorem, we obtain (Vig)°(0) = 0.

To prove the uniqueness, let vi,w; € C([0,1]) be two solutions of problem (3.1) and set 6; = v; —wi. Then 6; € C([0,1]),
and we have

D*6i(s) = 0, s€(0,1)
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0i(0) = 6:°(0) = 6;(1) = 0.

By [[9], Corollary 2.1] there exist c1,c2,¢3 € R such that

0i(s) = c18% T + C28% 2 + ca8* S,

Applying the boundary conditions, we obtain ¢z = c2= ¢1 =0, that is vi = w;. This proves the uniqueness of solutions of
the problem (3.1).

Remark 3.2 The conclusion of Lemma 3.1 remains true for o = 3.

Theorem 3.1 Assume that (A1) and (A2) hold. If M <1, then problem (1.1) has a unique solution vi € C([0,1]). In
addition, for any vy € C([0,1]), the iterative sequence

1
NENE [ {;(tl{.w.!:l_ﬂ{f.-!';,.l_l..J{!rf

S 1
converging to v; with respect to the h—norm, and we have

ME

lvw, — ]| < m”"ll — | (3.2)

Proof. Define the operator T by

1
Tui(s) = [ G, (s. ) fil tow(t) )dt, se|0,1], v eC([0,1
)= [ Galst)fi(t-ui(1)) | (lo.17)
N . (cto. ),
We claim that T is a contraction operator from * into itself.

Leec(p, 1])

0< Gals,1) <

3.3)

, and let o >0 be such that |vi(s)| < chi(s) for all s € [0,1]. By Lemma 2.2 (ii), and

I. _ If:lu—_;'

—
Ma=1)"
it follows from (A2) that

Ga,(s. 1) filt.vi(t)) ] (L =62 (| f: (£, wi(t)) = filt, 0)] + | fi(t, 0)])

1
. —
e —1)
_1
Mea—1)

<

(1= )2 (au(®)uilt)] + | £i(2. 0)])

< [t 1 — ) g () 1 — Y2 f:(t.0
< o (o =070 + (- 0 A(0))

Since Ggi(s,t) is continuous on [0,1] x [0,1], by (A1)-(A2) and the dominated convergence theorem we deduce that Tv;
€ C([0,1]).
Furthermore, from Lemma 2.2 (ii), we have

1 .
< ; o T T o a—2
0< Gy (s, 1) o l]h,(a_‘](l t) @

Hence by using inequality (3.4) and similar arguments as before we obtain

/' lLl—f}'""g|.ﬂ-[!,'[}I_‘J|]h,|[x_]

1
T .-"l‘ F 'T,lll o -
Lol }| [ I" N 1)

and thus T(C([0,1])) < C([0,1]).
Next, for any vi,wi € C([0,1]), using (Az), we obtain for s € [0,1],

1
| Twi(s) Tr.!1,|{.-s]|£j Ga, (s, )| fi(t, (1)) = filt, w(t))|dt
]
1
1:/ G, (5, £)qi(t)|vi(t) — w;(t)|dt
]

1

< lwi - r!‘;llf G, (s, )q;(t)hi(t)dt
i

< M||vy — uy||hi(5).

@International Journal Of Progressive Research In Engineering Management And Science | 2593



INTERNATIONAL JOURNAL OF PROGRESSIVE e-ISSN :

RESEARCH IN ENGINEERING MANAGEMENT 2583-1062
AND SCIENCE (IJPREMS) Impact
WWW.ijprems.com (Int Peer Reviewed Journal) Factor :
editor@ijprems.com Vol. 05, Issue 04, April 2025, pp : 2590-2595 7.001

Hence kTvi —Twik < MKkv; —wikhi(s). Since M <1, T becomes a contraction operator in C([0,1]). So there exists a
unique v € C([0,1]) satisfying

|
() [ G (s, ) it w(t))dt, se(0,1)

i

It remains to prove that v;is a solution of problem (1.1). It is clear that
s — (1 —s)* fi(s,vi(s)) € C((0,1)).

Next, by using (Az) and v; € C([0,1]) we obtain

|i_l — h]l"_]_.l",{h'. vils))| < (1— 5)* ! | (Iﬂ{,ﬂ, vils)) — j;—(.s.{J;|| + |Jf',.f.q, n]|

< (1= s5)° '(q.[.ﬁ-] _f',(.-s.ﬂ]|)

< as" N1 = )" gils) + (1 — &) 7F| fils.0)].

r'J{.t.-:|| |

a—1 ¢ . q. i —_ 1y
Therefore by (A1) and (A,), it follows that * ~ (1= s5)*" fi(s,vi(s)) € L'((0,1)).
Hence from Lemma 3.1, we derive that v;is a solution of problem (1.1).
Finally, it is known that for any vi € C([0,1]), the iterative sequence

|
Uk, (8) /t'r‘u,{n.r}_r.-{f.r-;,-. (1))
S0
converges to v;j, and we have
M
Tl wll
This proves the theorem.

v, — il =

2. CONCLUSION

The existence and uniqueness of solution for system of fractional nonlinear boundary value problem (1.1) is obtained

using Green function. It is also proved that the obtained sequence of iterations of solutions vii(s) converges to vi.
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