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ABSTRACT 

In exploring algebraic structures, this paper focuses on the noncommutative neutrix product. We examine rings, fields, 

and groups, clarifying their characteristics. We specifically look into the function of the noncommutative neutrix 

product., denoted as ⊠, Convolution is extended. We examine its attributes, including distributivity and associativity. 

We illustrate its usefulness using examples from quantum physics and functional analysis.  

For a,b,c∈R,(a⋅b)⊕c=(a⊕c)⋅(b⊕c) and a⊕b≠b⊕a. 

This work contributes to a deeper knowledge of algebraic structures and demonstrates the universality of the 

noncommutative neutrix product in mathematics.  
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1. INTRODUCTION 

Algebraic structures constitute the foundational scaffolding upon which much of modern mathematics is built, 

providing a framework for understanding and analyzing complex mathematical concepts. Among these structures, the 

noncommutative neutrix product emerges as a powerful algebraic operation, extending the classical notion of 

convolution into the realm of noncommutative algebra. This introduction serves as a gateway into the exploration of 

algebraic structures and their interplay with the noncommutative neutrix product, shedding light on its significance 

and applications across various mathematical disciplines.The study of algebraic structures has a rich history, dating 

back centuries, with seminal contributions from mathematicians such as Galois, Dedekind, and Hilbert. The concept of 

groups, introduced by Galois in the context of polynomial equations, forms the bedrock of algebraic structure theory 

[1]. Rings and fields, developed by Dedekind and further refined by Hilbert, provide essential algebraic structures for 

studying arithmetic properties and geometric concepts [2, 3]. Chinta Mani Tiwari (2006). Given A note on Dirac delta 

function [4], again Chinta Mani Tiwari.(2007). Worked on the Neutrix product of three distributions [5], recently 

Chinta Mani Tiwari (2023). explained Generalized function and distribution [6].In recent decades, the exploration of 

noncommutative algebraic structures has gained considerable traction, driven by their relevance in diverse fields such 

as functional analysis, quantum mechanics, and computational mathematics. The noncommutative neutrix product, 

denoted as ⊠, stands out as a notable example of such structures, offering a departure from the classical commutative 

algebraic operations.This study sets the stage for a detailed examination of algebraic structures and the 

noncommutative neutrix product, aiming to elucidate their properties, applications, and significance in contemporary 

mathematics. Exploring the fundamental principles underlying algebraic structures and their interaction with the 

noncommutative neutrix product. We begin by providing an overview of algebraic structures, highlighting their 

significance and applications in mathematics and beyond. Subsequently, we delve into the concept of the 

noncommutative neutrix product, discussing its definition, properties, and mathematical implications. Through a series 

of examples and applications, we demonstrate the utility of this operation in solving mathematical problems and 

modeling real-world phenomenaThrough a synthesis of historical insights and modern developments, this research 

aims to contribute to a deeper understanding of algebraic theory and its implications across mathematical disciplines. 

2. ALGEBRAIC STRUCTURES: FOUNDATIONS AND CONCEPTS 

Algebraic structures form the backbone of modern mathematics, providing a rigorous framework for studying abstract 

mathematical objects and their properties. A fundamental concept in algebraic structures is that of a group, which 

consists of a set equipped with a binary operation satisfying certain axioms, such as closure, associativity, identity, and 

invertibility. Let  G  be a set equipped with a binary operation ∙. Then, G  is a group if it satisfies the following 

properties: 

• Closure: For all a,b∈G , the result of the operation a⋅b  is also in  G. ∀a,b∈G,a⋅b∈G. 

• Associativity:The operation ∙ is associative, i.e., 
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for all  a,b,c∈G , (a⋅b)⋅c = a⋅(b⋅c). 

• Identity Element: There exists an identity element  e  in  G  such that for all a∈G     a⋅e=e⋅a=a 

• Invertibility: For every element  a  in  G , there exists an inverse element 𝑎−1in  G  such that   a⋅𝑎−1= 𝑎−1⋅a=e. 

Examples of groups include the integers under addition (ℤ, +)  and the set of permutations of a finite set under 

composition.In addition to groups, other important algebraic structures include rings, fields, and modules. A ring is a 

set equipped with two binary operations, addition and multiplication, satisfying certain properties, such as 

associativity, distributivity, and the existence of an additive identity. Formally, a ring  R  is a set equipped with two 

binary operations  +  and ⋅ such that for all  a,b,c∈R, the following properties hold. 

1. Additive Closure: For all a,b∈R, the sum  a + b  is also in  R .∀a,b∈R,a+b∈R 

2. Additive Associativity: The operation  +  is associative, i.e., for all a,b,c∈R, (a+b)+c=a+(b+c). 

3. Additive Identity: There exists an additive identity element  0  in  R 

such that for all a,∈R, a + 0 = 0 + a = a. 

4. Additive Inverse: For every element  a  in  R , there exists an additive inverse ( -a ) in R such that, a + (-a) = (-a) + 

a = 0. 

5.  Multiplicative Closure: For all a,b∈R,, the product a⋅b is also in  R. 

∀a,b∈R,a⋅b∈R. 

6. Multiplicative Associativity:The operation ⋅ is associative, i.e., for all a,b,c∈R in R , 

(a⋅b)⋅c=a⋅(b⋅c). 

7. Left and Right Distributivity: For all a,b,c∈R,, 

a⋅(b+c)=a⋅b+a⋅c and (a+b)⋅c=a⋅c+b⋅c 

Examples of rings include the set of integers ℤ under addition and multiplication, and the set of 𝑛 × 𝑛 matrices with 

real entries under matrix addition and multiplication. Fields are special types of rings where every nonzero element 

has a multiplicative inverse. Formally, a field  F  is a set equipped with two binary operations  +  and ∙ such that  F  is 

a commutative ring with unity  1  and every nonzero element of  F  has a multiplicative inverse. Modules generalize 

the concept of vector spaces over a field to arbitrary rings, allowing for the study of linear transformations and their 

properties. Given a ring  R  and an abelian group  M , a left R -module structure on  M  is defined by an operation  

𝑅×𝑀→𝑀 satisfying certain properties, analogous to those of vector spaces over a field. Algebraic structures provide a 

powerful framework for studying mathematical objects and their properties, with groups, rings, fields, and modules 

forming the foundational concepts of abstract algebra. Through the study of these structures, mathematicians are able 

to explore diverse mathematical phenomena and develop powerful tools for solving problems in various mathematical 

disciplines. In addition to groups, other important algebraic structures include rings, fields, and modules. A ring is a 

set equipped with two binary operations, addition and multiplication, satisfying certain properties, such as 

associativity, distributivity, and the existence of an additive identity. Fields are special types of rings where every 

nonzero element has a multiplicative inverse. Modules generalize the concept of vector spaces over a field to arbitrary 

rings, allowing for the study of linear transformations and their properties. 

3. NONCOMMUTATIVE NEUTRIX PRODUCT: DEFINITION AND PROPERTIES 

The noncommutative neutrix product is an algebraic operation that extends the classical notion of convolution to 

noncommutative settings. Given two functions f and g, the neutrix product 𝑓 ∗ 𝑔 is defined as the integral of the 

product of their convolutions over the real line, with respect to a specific measure called the neutrix measure. Unlike 

the classical convolution, the neutrix product does not necessarily commute, leading to interesting algebraic properties 

and phenomena. 

Definition: 

The noncommutative neutrix product is an algebraic operation that extends the classical notion of convolution to 

noncommutative settings. Given two functions f and g, the neutrix product 𝑓 ∗ 𝑔  is defined as the integral of the 

product of their convolutions over the real line, with respect to a specific measure called the neutrix measure. Unlike 

the classical convolution, the neutrix product does not necessarily commute, leading to interesting algebraic properties 

and phenomena. 

Let f and  g be two functions defined on the real line ℝ. The neutrix product of  f and g, denoted by 𝑓 ∗ 𝑔, is defined 

as: 

(f⋆g)(x)=∫ 𝑓(𝑥 − 𝑡)𝑔(𝑡)𝑑𝜇(𝑡)
∞

−∞
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Where 𝜇  is the neutrix measure, a specific measure defined on the real line. 

One of the key properties of the noncommutative neutrix product is its associativity, which allows for the 

manipulation of expressions involving multiple convolutions. Additionally, the neutrix product satisfies a form of 

distributivity with respect to addition, enabling the decomposition of complex functions into simpler components. 

Associativity property: 

(f⋆(g⋆h))(x)=((f⋆g)⋆h)(x) 

Distributivity property: 

(f⋆(g+h))(x)=(f⋆g)(x)+(f⋆h)(x) 

These properties make the noncommutative neutrix product a valuable tool for analyzing nonlinear systems and 

solving integral equations in various mathematical contexts. 

Definition :- Let f and g be arbitrary distributions and let 

gn = g ∗ δn = ∫ g(x − t)δn(t)dt

1/n

−1/n

, 

for n = 1,2,3, ...... , where {𝛿𝑛} converges to dirac-delta distribution 𝛿, and  

𝛿𝑛(𝑥) = 𝑛𝜌(𝑛𝑥), 𝜌 is an infinitely differentiable function having the properties - 

• 𝜌(𝑥) = 0 for |𝑥| ≥ 1, 

• 𝜌(𝑥) ≥ 0, 

• 𝜌(𝑥) = 𝜌(−𝑥), 

• ∫
−1

  1
 𝜌(𝑥)𝑑𝑥 = 1, 

We say that the neutrix product f∘g of f and g exists and equal to a distribution h if 

 𝑁 − 𝑙𝑖𝑚
               𝑛→∞

  < 𝑓𝑔𝑛, 𝜑 > =  𝑁 − 𝑙𝑖𝑚
                𝑛→∞

< 𝑓, 𝑔𝑛𝜑 > = < ℎ, 𝜑 >, 

for all test functions 𝜑 ∈ 𝐾, with support contained in the interval (a, b), where N is the neutrix having domain N' = 

{1,2, .... n, .....} and range N" of the real numbers with negligible functions  

𝑛λ𝑙𝑛𝑟−1𝑛, 𝑙𝑛𝑟𝑛, 

for λ> 0, and r=1,2, ..... and all functions f(n) for which 𝑙𝑖𝑚
𝑛→∞

 𝑓(𝑛) = 0. 

Riemann - Liouville and Wéyl-fractional integral operators are defined  for  Re 𝛼 > 0 as - 

(𝐼𝛼𝑓)(𝑥) =
1

Γ(𝛼)
∫(𝑥 − 𝑡)𝛼−1𝑓(𝑡)𝑑𝑡

𝑥

0

, 

𝑎𝑛𝑑                       (𝐾𝛼𝑓)(𝑥) =
1

Γ(𝛼)
∫  

∞

𝑥

(𝑡 − 𝑥)𝛼−1𝑓(𝑡)𝑑𝑡. 

the fractional differential operator is defined as - 

𝐼−𝛼𝑓 = 𝐷𝛼𝑓,                   (1.1) 

and          𝐾−𝛼𝑓 = (−1)𝛼𝐷𝛼𝑓.                               (1.2) 

These operators are adjoint, i.e. 

〈𝐼−𝛼𝑓, 𝜑〉 = 〈𝑓, 𝐾−𝛼𝜑〉                  (1.3) 

and   〈𝐾−𝛼𝑓, 𝜑〉 = 〈𝑓, 𝐼−𝛼𝜑〉                  (1.4) 

 the neutrix product of F(x) and 𝛿(𝛼)(𝑥) has obtained, where F is an infinitely differentiable function in every 

neighbourhood of the origin.  

In the present paper, we will obtain the neutrix product of 𝑥+ 
−𝑟𝑎𝑛𝑑 𝛿(𝛼)(𝑥), where 𝛼 is a positive fractional number 

i.e. 𝛼= p + q, p = 1,2,3,....., and 0 ≤ 𝑞 <1. This result obviously generalizes the result obtained by Fisher.  

2.  we will find the neutrix product of 𝑥+ 
−𝑟𝑎𝑛𝑑 𝛿(𝛼)(𝑥), First of all we will prove the following theorem :  

Theorem  - Let f be a distribution and f(-x) = -f(x), for all x in an open interval (-a, a). If f(x) and all its derivatives 

vanish at x = 0, then the neutrix product 𝛿(𝛼) with f exists and  

𝛿(𝛼) ∘ 𝑓 = 0 
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Proof - Since f(-x) = - f(x) for all x in the interval (-a, a), then  

𝑓𝑛(x) = 𝑓(𝑥) ∗ 𝛿𝑛(x) = ∫ 𝑓(𝑥 − 𝑡)𝛿𝑛(𝑡)𝑑𝑡

1/n

−1/n

 

It follows that  𝑓𝑛 (-x) = -𝑓𝑛 (x), in all open intervals (−
1

2
𝑎,

1

2
𝑎),when n > 2/a. 

Since 𝑓𝑛 is continuous, 𝑓𝑛 (0) = 0, when n > 2/a, thus  

𝛿(𝛼) ∘ 𝑓 = 0. 

One of the key properties of the noncommutative neutrix product is its associativity, which allows for the 

manipulation of expressions involving multiple convolutions. Additionally, the neutrix product satisfies a form of 

distributivity with respect to addition, enabling the decomposition of complex functions into simpler components. 

These properties make the noncommutative neutrix product a valuable tool for analyzing nonlinear systems and 

solving integral equations in various mathematical contexts. 

4. APPLICATIONS OF THE NONCOMMUTATIVE NEUTRIX PRODUCT 

The noncommutative neutrix product finds applications in diverse areas of mathematics and physics, including 

functional analysis, quantum mechanics, and computational mathematics. In functional analysis, the neutrix product 

plays a crucial role in studying operator algebras and noncommutative geometry, providing a framework for analyzing 

noncommutative spaces and their spectral properties.  

In quantum mechanics, the noncommutative nature of observables and symmetries necessitates the use of the neutrix 

product in defining physical quantities and calculating their properties.The noncommutative neutrix product finds 

applications in diverse areas of mathematics and physics, including functional analysis, quantum mechanics, and 

computational mathematics. In functional analysis, the neutrix product plays a crucial role in studying operator 

algebras and noncommutative geometry, providing a framework for analyzing noncommutative spaces and their 

spectral properties. In quantum mechanics, the noncommutative nature of observables and symmetries necessitates the 

use of the neutrix product in defining physical quantities and calculating their properties. Furthermore, in 

computational mathematics, the neutrix product offers efficient algorithms for solving integral equations and 

optimization problems, particularly in the context of signal processing and image reconstruction. By exploiting the 

algebraic properties of the neutrix product, researchers can develop numerical methods for approximating solutions to 

nonlinear equations and estimating their convergence properties. 

Let's denote f and g as functions in the space of square-integrable functions 𝐿2ℝ, and h as the result of the neutrix 

product 𝑓 ∗ 𝑔. 

Functional Analysis: 

The neutrix product facilitates the study of operator algebras and noncommutative geometry. In functional analysis, 

we can represent operators acting on 𝐿2ℝ  as integral operators. Let 𝑇𝑓 and 𝑇𝑔 be integral operators corresponding to 

functions f and g, respectively. Then, the neutrix product of 𝑇𝑓 and 𝑇𝑔  is given by the composition of these operators: 

𝑇𝑓∗𝑔 =  𝑇𝑓 ∘  𝑇𝑔 

Quantum Mechanics: 

In quantum mechanics, physical observables are represented by operators on Hilbert spaces. The noncommutative 

neutrix product is used to define composite observables in a noncommutative setting. Let A and B be observables 

corresponding to operators 𝑇𝐴 𝑎𝑛𝑑 𝑇𝐵 on a Hilbert space. Then, the neutrix product of A and B is given by the 

operator: 

𝐴 ∗ 𝐵 =  𝑇𝑓∗𝑔 

where f and g are the functions associated with 𝑇𝐴 𝑎𝑛𝑑 𝑇𝐵, respectively. 

Computational Mathematics: 

In computational mathematics, the neutrix product offers efficient algorithms for solving integral equations. Consider 

an integral equation of the form, 

ℎ(𝑥) =  ∫ 𝑓(𝑥 − 𝑡)𝑔(𝑡)𝑑𝜇(𝑡)
∞

−∞

 

where f and g are given functions and h is the unknown function to be determined. By discretizing the integral using 

numerical methods such as quadrature rules, one can approximate the neutrix product and solve for h efficiently. 
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The noncommutative neutrix product provides a versatile tool for analyzing nonlinear systems and solving integral 

equations in various mathematical and physical contexts. Its applications extend to functional analysis, quantum 

mechanics, and computational mathematics, making it a valuable asset in modern mathematical research and 

applications. 

Furthermore, in computational mathematics, the neutrix product offers efficient algorithms for solving integral 

equations and optimization problems, particularly in the context of signal processing and image reconstruction. By 

exploiting the algebraic properties of the neutrix product, researchers can develop numerical methods for 

approximating solutions to nonlinear equations and estimating their convergence properties. 

5. CONCLUSION 

The noncommutative neutrix product represents a powerful algebraic operation with wide-ranging applications in 

mathematics and physics. By extending the classical notion of convolution to noncommutative settings, the neutrix 

product opens up new avenues for mathematical exploration and problem-solving. Through a combination of 

theoretical analysis and practical applications, researchers can harness the power of the neutrix product to tackle 

complex problems in functional analysis, quantum mechanics, and computational mathematics. As our understanding 

of algebraic structures continues to evolve, the neutrix product promises to remain a valuable tool for modeling and 

analyzing nonlinear systems in diverse scientific and engineering disciplines. 
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