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ABSTRACT

The finite element method is a reliable computational technique to solve a range of complicated phenomena that
would have been impossible to solve using analytical methods. The finite element method can be applied to any
arbitrary shape in one, two, and three dimensionsto observe the internal change due to applied boundary conditions.
In this paper, we studied a steady-state linear heat conduction problem using the finite element method (FEM) for a
simple 1D rod for a variable number of elements and linear and quadratic shape functions. We finally validated our
results using analytical results and found an excellent match between the computational and analytical models.
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1. INTRODUCTION

The finite element method (FEM) is one of the most powerful tools in the computation study to generate solutions to
physical phenomena. Due to its efficacy in solving complex physical behavior, it is widely used in structural
engineering[1], [2], heat and thermal analysis[3], [4], computational fluid dynamics[5], [6], biofluid simulation[7], [8],
and electromagnetism[9]. Among all these applications, FEM’s ability to solve heat transfer problems is
groundbreaking in numerous fields. Due to the capability of FEM, we have used a simple FEM code to solve a
fundamental 1D heat conduction problem.

The introduction of FEM has given engineers and scientists multiple degrees of freedom to analyze any physical
phenomena just from the governing equation. The most important aspect is the geometrical independence of FEM.
Most of the time, analytical solutions work only on specific geometrical shapes that are very simple. In contrast, FEM
is a way of solving the problem which is highly capable of approximating the real solution based on some initial
parameters. The inclusion of FEM eliminates the need for complex analytical solutions. FEM solves any phenomena
by constructing matrix and solving iteratively, allowing scope to get insight easily.

FEM is a framework to solve governing equation of the intended physical phenomena, in our case, which is linear heat
conduction. FEM starts by making the weak form of governing equation, then discretizing the domain into the smaller
domain, calculating the shape function, applying boundary conditions, etc. Details of our method will be described in
the method section, focusing on our goal.

In this study, we will solve a steady-state linear 1D heat conduction problem with specific boundary conditions.
Though itis a simple model, it gives the starting point for approaching a more complex model in the future. Moreover,
we will discuss the results from changing parameters and evaluate the performance of the FEM model from the
analytical model.

2. METHODOLOGY
Method of FEM used in this study is described below[10], [11]:

1. Discretizing the domain by generating mesh

2. Generating connectivity matrix

3. Calculating Shape function, its derivative and Jacobian

4. Calculate elemental stiffness matrix and force vector

5. Generating global stiffness matrix

6. Applying boundary condition

7. Solving for temperature at every node
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Figure 1: Representation of 1D rod domain for solving using FEM
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In this problem, we considered Length 20m, cross-sectional area 1 m?, thermal conductivity 5 W/m°C, the constant
heat source is 100 W/m, Boundary condition is BC 1= 0°C and heat flux in right side 0 W/m?2.

Firststep is to declare number of elements for discretization and defining shape function. In our study we declared a
variable for number of elements so that we can change according to our need. For shape function we considered
quadratic and linear shape function. Formula for both shape functions are given below[10], [11]:
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For quadratic, For linear,
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Here, N is the shape function and B is derivative of shape function.

Next step is to calculate stiffness matrix and force vector at the element level which is done by using Gaussian
quadrature. The formula for stiffness matrix and force vector is given below[10], [11]:

Le2 Le2 —
Ke:fL:1 [[Be]T Ak [B¢]dx] Fe:fL:1 [[N]T S dx — [N©]T A G(at last node)
Here, A is the cross-sectional area and « is the thermal conductivity. Integration can be done in several methods.
However, we have used gaussian quadrature formula which is | = Z?gp f(€;) w; J. So, the above equations become

[10], [11]:
Ke=[B®¢]T « A * x * [B®] *W * Jacobian Fe=[N®€]T xS« W = Jacobian — [N¢]T A @ (atlast node)

After obtaining element wise stiffness matrix and force vector using those the global matrix is created. Finally
applying boundary condition global matrices are solved.

3. RESULTS AND DISCUSSION
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Figure 2: Solution using FEM is compared against exact solution for -
(A) linear element and (B) quadratic element.
Finally, after solving the given case using the described FEM, we have compared against the exact solution which is
given in the Figure-2. We see temperature is placed against the length of the domain. It is observed that solution with
linear elements solution nicely matches with the exact solution while solution with 2 linear element fails to capture
exact solution. However, in case of quadratic element, it takes only 3 elements to predict the exact results while single

element is unable to predict exact solution. So quadratic shape function takes less element to predict results comparing
to linear elements.

4. CONCLUSION

The finite element method is a reliable tool for solving a wide range of complex phenomena computationally. Due to
its acceptability and advantages, this method is used in numerous fields. In this paper, we solved a 1D steady -state
heat equation using the finite element method and found that three quadratic elements or five linear elements can
predictthe exact results. However, it is essential to note that notany random number of elements is able to produce
accurate results. We observed that one quadratic element or 2 linear elements failed to predict the exact solution
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accurately. This discrepancy highlights that FEM is sensitive to the number of elements, and the correctness of the
solution depends on several elements. These findings strengthen the importance and optimization of element numbers
for solving heat transfer problems. However, problems from other domains show similar types of sensitivity,
according to our knowledge.

Overall, valuable insight is provided by our FEM study focusing on 1D steady heat conduction equations, and we
believe this will give guidance for FEM for more complex cases.
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