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ABSTRACT 

This study investigates an undetermined system of linear equations represented by the matrix equation AX = b , where 

the coefficient matrix A is given by A = [
1 2 3
4 5 6

] and the right-hand side vector is b = [
14
32

].The primary objectives 

include determining the minimum-norm solution through mathematical computations and obtaining a solution using 

the SCILAB command window.  

The minimum-norm solution is derived using the formula Xmin = AT [AAT]−1b . Additionally, the system is solved in 

SCILAB through the backslash operator. The study aims to compare the three solutions obtained, shedding light on 

their consistency and potential uniqueness.  

The results contribute to understanding the applicability of numerical methods in solving undetermined systems of 

linear equations and their implications for real-world problem-solving scenarios. 

Keywords: Undetermined system of linear equations, Minimum-norm solution, SCILAB, Consistency analysis and 

Solution comparison. 

1. INTRODUCTION 

The Undetermined Case(M<N): Minimum-Norm Solution: 

If the number(M) of equations is less than the number(N) of unknowns, the solution is not unique, but numerous. 

Suppose the M rows of the coefficient matrix A are independent. Then, any N-dimensional vector can be decomposed 

into two components X = X+ + X− …………(i) 

where the one is in the row space ℛ(A) of A that can be expressed as a linear combination of the M row vectors X+ =

ATα ……………(ii) 

and the other is in the null space Ν(A) orthogonal(perpendicular) to the row space so that 

AX− = 0 ……….(iii) 

Substituting the arbitrary N-dimensional vector representation (i) into Equation AX = b yields  

A(X+ + X−) = b (from (i)) 

AX+ + AX− = b 

AATα + AX− = b (from (ii)) 

AATα = b (from (iii))……………..(iv) 

Since AAT is supposedly a nonsingular MXM matrix resulting from multiplying an MXN matrix by an NXM matrix, 

we can solve this equation for α to get α0 = [AAT]−1b ………………(v) 

Then, substituting equation (iv) into equation (ii) yields 

X0+ = ATα0 = AT [AAT]−1b  …………(vi) 

This satisfies equation AX = b and thus qualifies as its solution. However, it is far from being a unique solution 

because the addition of any vector X− (in the null space) satisfying equation (iii) to X0+ still satisfies equation AX = b 

(as seen from equation (iv)), yielding infinitely many solutions.  

Based on the principle that any one of the two perpendicular legs is shorter than the hypotenuse in a right-angled 

triangle, equation (vi) is believed to represent the minimum-norm solution. Here, the matrix AT [AAT]−1 is called the 

right pseudo-(generalized) inverse of A. SCILAB has the pinv() command for obtaining the pseudo-inverse.  

We can use this command or the slash(\) operator to find the minimum-norm solution(vi) to the system of linear 

equations AX = b. 
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2. STATEMENT OF THE PROBLEM:  

For an undetermined system of linear equations [
1 2 3
4 5 6

] [
x
y
z

] = [
14
32

]. Finding the minimum-norm solution and the 

solutions that can be obtained by SCILAB command window. Also comparing the three solutions same. 

2.1 MINIMUM-NORM SOLUTION THROUGH MATHEMATICAL COMPUTATIONS: 

Here the coefficient matrix is  A = [
1 2 3
4 5 6

] 

The right-hand side vector is b = [
14
32

]. 

Transpose of the matrix A is  AT = [
1 4
2 5
3 6

] 

AAT = [
1 2 3
4 5 6

] [
1 4
2 5
3 6

] = [
14 32
32 77

] 

|AAT| = |
14 32
32 77

| = 1078 − 1024 = 54 ≠ 0 

Therefore, inverse of AAT exists. 

Adjoint of AAT = [
77 −32

−32 14
] 

(AAT)−1 =
1

54
[

77 −32
−32 14

] 

Right pseudo- inverse of A is 

AT(AAT)−1 = [
1 4
2 5
3 6

]
1

54
[

77 −32
−32 14

] =
1

54
[
−51 24
−6 6
39 −12

] 

Xmin = AT [AAT]−1b =
1

54
[
−51 24
−6 6
39 −12

] [
14
32

] =
1

54
[

54
108
162

] = [
1
2
3

] 

2.2 SOLUTION OBTAINED USING THE SCILAB COMMAND WINDOW: 

 
Figure 1: SCILAB SOLUTION 
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3. COMPARE THE THREE SOLUTIONS OBTAINED 

Based on the analysis and computations provided.  

1. Minimum-Norm Solution: The minimum-norm solution of the undetermined system of linear equations is found 

to be [x,y,z]=[1,2,3]. 

2. Solution Obtained Using SCILAB: The solution obtained through the SCILAB command window is also 

[x,y,z]=[1,2,3] 

It was observed that the minimum-norm solution and the solution obtained by using the SCILAB command window 

are similar. 

4. CONSISTENCY ANALYSIS  

SCILAB command to analyze the consistency of the system. 

 

Figure 2:  Consistency Analysis by SCILAB 

5. CONCLUSION  

In this paper, we observed that the undetermined system of linear equations is consistent. The minimum-norm 

solution, obtained through mathematical computations, and the solution obtained using the SCILAB command 

window are consistent. This suggests that both approaches yield the same result, confirming the accuracy of the 

solutions.  
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